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1. (30%) Poǐsčite rešitev u(x, y) parcialne diferencialne enačbe

xuxy + uy = y

u(x, 1) = 1
2

uy(1, y) = 3y .

2. (40%) Z Laplaceovo transformacijo poǐsčite rešitev u(x, t) parcialne
diferencialne enačbe

x
∂u

∂x
+
∂u

∂t
= xt

u(x, 0) = 0

u(0, t) = 0 .

3. (30%) Poǐsčite ekstremalo funkcionala

F (y) =

ln 2∫
0

(y2 + y′2 + 2yex) dx

y(0) = 3

y(ln 2) = ln 2 .



Rešitve

1. naloga

Vpeljemo neznako uy = v

xvx + v = y , v(1, y) = 3y
Rešimo kot navadno diferencialno enačbo

xv′ + v = y , v(1) = 3y

Homogena:

x
dv

dx
= −v

dv

v
= −dx

x
/
∫

ln v = − lnx+ lnC

vh =
C

x

Variacija konstante:

v =
C(x)

x

x(
C ′

x
− C

x2
) +

C

x
= y

C ′ = y

C(x) =
∫
ydx = xy +K

v = y +
K

x
v(0) = 3y → 3y = y +K → K = 2y

v = y +
2y

x

uy = y +
2y

x
→ u =

∫
(y +

2y

x
)dy =

y2

2
+
y2

x
+D

u(x, 1) =
1

2
→ 1

2
=

1

2
+

1

x
+D → D = −1

x

u =
y2

2
+
y2

x
− 1

x



2. naloga

Označimo L[u(x, t)] = U(x, s) = U

x
∂U

∂x
+ sU =

x

s2

Rešimo kot navadno diferencialno enačbo

xU ′ + sU =
x

s2
, U(0) = 0

Homogena:

x
dU

dx
= −sU

dU

U
= −s

x
dx /

∫
lnU = −s lnx+ lnC

Uh =
C

xs

Variacija konstante:

U =
C(x)

xs

x(
C ′

xs
− sC

xs+1
) + s

C

xs
=
x

s2

C ′ =
xs

s2

C =
xs+1

s2(s+ 1)
+D

U =
x

s2(s+ 1)
+
D

xs

U(0) = 0 → D = 0

1

s2(s+ 1)
=
A

s2
+
B

s
+

C

s+ 1

1 = A(s+ 1) +Bs(s+ 1) + Cs2

s = 0 → A = 1

s = −1 → C = 1

ks2 → B + C = 0 → B = −1

U = x(
1

s2
− 1

s
+

1

s+ 1
)

u(x, t) = x(t− 1 + e−t)



3. naloga

Eulerjeva diferencialna enačba:

2y + 2ex − (2y′)′ = 0

y′′ − y = ex

λ2 − 1 = 0

λ1,2 ± 1

yh = Aex +Be−x

yp = Cexx

y′ = Cex(x+ 1)

y′′ = Cex(x+ 2)

C =
1

2

y = yh + yp = Aex +Be−x +
1

2
exx

x = 0 → A+B = 3

x = ln 2 → 2A+
1

2
B + ln 2 = ln 2

A = −1 , B = 4

y = 4e−x − ex +
x

2
ex


