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Pravila za integriranje

| Linearnost:

/(af(x) +bg(x)) dx = a/f(x) dx + b/g(x) dx

Il Per partes: / F(x)g(x) dx = F(x)g(x) — / F(x)g'(x) dx

Il Substitucija: /f(g(x))g’(x) dx = F(g(x)), kjer je

J £0x) dx = F(x).
u=9(x)—, du=g(x)dx —, [f(u)du= F(u) = F(g(x)).

IV Linearna substitucija: [ f(ax + b) dx = 1F(ax + b).



Integrali elementarnih funkcij

—_

C[x"dx =2 neZ\{-1}, x#0.

a2 _x2
f adx
V x2+a2

==
2. [xSdx=%7, seR\{-1}, x>0.
3. [eXdx=¢".
4. [ & =1In|x|.
5. [sinxdx = —cos x.
6. [cosxdx =sinx.
7. fa;_’fxzzj;arctang, a>o0.
d o .
8. [ 2= =arcsin%, a>0.
9.

=In(x+vx2+a?), a>0.



ReSevanje integralov s pomocjo nastavka

_ B P(x)dx
A Integral oblike /f(x) dx = / X —a) (X2 + px + q)™
kjerje m,n € N, p?> — 4g < 0 in P(x) polinom stopnje man;
ali enako 2m + n — 1, reSimo s pomocjo nastavka:

B Qom—24n—2(X)
f e = &) 102 +px g1
_2X+p

+Aln|x — a| + BIn(x? + px + q) + Carctg Jia
Pn(x) dx

VX2 +px+q
reSimo s pomocjo nastavka:

/f(x) dx — Qn_1(x)\/x2+px+q+)\/

B Integral oblike /f(x) dx =

ax
VX2t px+q



Dolo€i [ f(x) dx, Ce je

11
f(X) =8+ + 5.

» Uporabimo (1) — (1) — (4).
» [(B+1+%) dx=—
> [3ax+ [ L+ [ Kax=—

1
> /<3+1+12> dx =3x+In|x|— -+ C.
X X X



Dolo€i [ f(x) dx, Ce je

3+2x2
) =55

» Uporabimo () — (1) — (7).

> [32¢ gy — | 142(14X2) g

1+x2 1+x2
3+ 2x2

de =2x +arctgx + C.



Dolo¢i [ f(x)dx, e je

f(x) =

>

v

3

X
1+ x2°
Preverimo stopnji Stevca in imenovalca.
- X
Delimo: 1+7 X— e

Hh—= ()= () — (4).
u=1+x?du=2xdx —
-1 =1x2_Linjul —

Ix2—1in(1+x%) —

3
/ X —x —Inv1i4+x2+C

1+ x2




Dolo€i [ f(x) dx, Ce je

fx) — 3 X
(x) = 24+ 2x + x? *7 + x2°
Uporabimo (1) — (IV) — (IIl) — (7) ~ (4).

3dx _
f<2+2x+x2 + 1+x2) dx =3[ x+1 2+1 + [ e dx —
u_x+1du:dx, v=1+x%dv=2xdx —
>3f1+u2+ f%:%

> /f(x) dx = 3arctg(x + 1) +%In(1 +x2)+ C.

v

v

v




Dolo€i [ f(x) dx, Ce je

Xx—1
> Razcepimo na parcialne qumke.
=4+ B =-14
(x+1) x+1 x+1

>fx(x+1)dx_ f%_FI%

> fx(x+1)dx_ In|x|+2In|x+1| —

_ 2
> /“dx:ln(x+1) + C.

x(x+1) |X|




Dolo€i [ f(x) dx, Ce je

2
X< +1
f(xX) = ——5<.
(x) x(1 - x2)
> Razcepimo na parcialne ulomke.
241
i R e

» X2+ 1=A(1—x)(1+x)+ Bx(1 4+ x) + Cx(1 — x) —

» -A+B-C=1,B+C=0inA=1.

2
> /Xde:Inx|—In|1 — X2
x(1 — x?)



Dolo€i [ f(x) dx, Ce je

x—1
f(X) = ————+.
(x) x(x2+1)
» Razcepimo na parcialne ulomke.
x—1 _A+ BX+C__1+ 1+x
X(x2+1) xX2+1 X2+1°
x—1 dx X dx
X2+1 _f +f 1+X2 f 14x2°
[ X X(X+1) dx = —In|x| +arctg x + 3 In(x® + 1) —

1
> /de:—ln|x+arctgx+ln\/1 + x2 + C.

x(x+1)



Dolo€i [ f(x) dx, Ce je

x—1

f(X)= —5——.

(%) xX2(x +1)

» Razcepimo na parcialne ulomke.

-1 _ A B c _ 1 2 2
m—ﬁ+*+m——*+;—m-
_ 2d 2d
> [fandx=—SE+ 8- [

> fx(x+1)dx— +2In\x|—2|n|x+1\—>

Y I S NPV S R
/x(x+1) X (1+ x)2 '



Dolo€i [ f(x) dx, Ce je

X2 + 1
f(x) = ———.
(%) x2(1 + x)
Zapisemo nastavek (A).

fx2x(21—:-1x) dx =2+ BIn|x|+ CIn|1 + x| —

x2+1=—-A(1+x)+Bx(1+x)+ Cx® —
B+C=1,A+B=0inA=—1.

v

v

v

v

X2 + 1 1
———dx=———1| 2In|1 :
b/x2(1+x)dx X nix|+2In|1 + x|



Dolo€i [ f(x) dx, Ce je

3
x° —1
f(X) = —F5+——.
() x2(1 + x)
» Stopniji Stevca in imenovalca sta enaki, delimo.
xX$3—1 1 x°H
X2(1+x) — X2(x+1)"

» ZapiSemo nastavek (A).

fxzx(zﬁx)dxf—+BIn]x\+CIn]1+x\—>
» x2+1=—A(1+x)+ Bx(1 +x) + Cx? —
» B+ C=1,A+B=0inA=-1.

X2 +1 B 1 2



Dolo€i [ f(x) dx, Ce je

x? —1
o) = x(2 +2x + x2)’
» Preverimo stopnji Stevca in imenovalca.
» ZapiSemo nastavek (A).
J 5@ 55z 9% = Aln|x|+BIn |x2+x+1|+Carctg(1+x) —

x(2+2x+x?
2_4_A 2Bx+B+C
> X 1= T Pixii

» B+C=1,A+B=0inA=-1.

. /"Z”dx_
x(x2+2x+2)
1 1 3
—5 x| —Earctg(x+1)+Zln(2+2x+x2)+C.



Dolo€i [ f(x) dx, Ce je

X
f(x) = )
(x) X+ 1
» (Il — (1).
>/ X dx - u=x+1,du=dx —
X+ 1
»f“—ﬁdu ( —u‘%>du.
>f\/)%dx SV/(x+1)P —2vx+1—
X

dx

>

(x—2VT+x+C

CO\I\J

X +1



Dolo€i [ f(x) dx, Ce je

f(x) = xv 1+ x2.
> () = (2).
> /X\/1 +x2 5 u=1+x%du=2xdx —

fuz du =

. /x\/mzs,/u + X234+ C

N\w



Dolo€i [ f(x) dx, Ce je

f(x)=+v1—x2
> (1) — (2).
»/\/1—x2dx—>x:sinu,dx:cosudu—>

» [V1—sin?ucosudu= [cos?udu=—

> U+ }sin(2u) = u+sinucosu = u+sinuy/1 —sin?u.

> /\/1 —x2dx:%(arcsinx+xv1 —x2) + C.



Dolo€i [ f(x) dx, Ce je

f(x) =+V1—x2
» Resujemo s pomocjo nastavka (B).
> /\/1 —X2dx =—
dx = ( AX—|—B\/1—X2+C/ ax —
ﬁ Vi-x2

1=x2 _ A1 — x2 — (AxtB)x C
g \1—x2 V1-x2 +\/1 x2

»1-x2=-2Ax2 -Bx+C+A—, A=C= EB:O.

> /\/1 —x2dx:§<arcsinx+xv1 —x2)+C.



Dolo€i [ f(x) dx, Ce je

f(x) =V 1+ x2

» Resujemo s pomocjo nastavka (B).
2
v [ X o (Ax+ BV +x2+C/ LIPS

V1 + x? V14 x?
14x2 _ /T o2 (Ax+B)x C

» 1+ x2=2Ax*+Bx+C+A—, A=C=1},B=0.

> /\/1 +x2dx:%(ln(x+ 14+ x2) 4+ xV/ 1 +x2)+C.



Dolo€i [ f(x) dx, Ce je

f(x) = _x+2
V2 +2x + x2
» Resujemo s pomocjo nastavka (B).
X+2

> —dX:
V2 4+ 2x + x2
ax
AV2+2x+x24+B | ———— —
V2 42X + x2
x+2 A(x+1) B

V1+x2 Vot+2x+x®  \/242x+x2 ~
x+2=Ax+1)+B—,A=1,B=1.

> /\/x+2dx:
vV2+2x+x2+In(x+1+vx2+2x+2)+ C.

v



Dolo€i [ f(x) dx, Ce je

f(X)—X—-|_2
Vit 2ox —x2

» ReSujemo s pomoéjo nastavka (B).

o x+2
Vitax—x2 4
X
A\/1+2x—x2+B/—>
V1+2x —x2
> x+2 _ _A(R—2x) + B

Vitax—x2  2y/142x—x2  \/142x—x2
» X+2=A—-Ax+B,A=—-1inB=3.

>f\/m —fm—a IV)—(8)= arcsin(x — 1).

x+2 Tiox—x2- ox—1
1+ 2x — x2 — 3arcsin —— + C.
Vox — x2 V2



Dolo€i [ f(x) dx, Ce je

1
F(x) = xlnx’

> (lll) — (4).
dx dx
>/ Hu:lnx,du:T%

xInx
du __
» [F=Inu—

»/ X njinx| + C.
xInx




Dolo€i [ f(x) dx, Ce je

(0= 17 &
> (Ill) = (7).

eX
> —-adx —
/1+e2x

» Uu=¢€e".du=¢e*dx —

au
> [Tz =arctgu —

[+ *
» [ — - dx=arctge” + C.

14 e2x



Dolo€i [ f(x) dx, Ce je

f(x) = tg x.
» UposStevamo, da je tg x = sinx
cos X

» () — (4).

> U=COSX,dx = —sinxadx —
sin x du

> / = [ —=—-Inju[—
COoSs X u

> /tgxdx: —In|cosx| + C



Dolo€i [ f(x) dx, Ce je

f(x) = cos? x.
» Upostevamo, da je cos® x = % (1 4 cos(2x))
» () = (1) = (IV) — (6).
» [cos?xdx = [dx+ [cos(2x)dx =—

1 .
> /coszxdx:)2(+4sm(2x)+ C.



Dolo€i [ f(x) dx. Ce je

f(x) = xe™”*

» (1) = (1) — (IV) — (3).

> /xe‘xdx—> u=x,dv=e*dx, du=dx,v=—-e*—
» —xe X+ [eXdx=—xe ¥ —e ¥

> /xexdx:—ex(x+1)+C



Dolo€i [ f(x) dx, Ce je

sin x
f(x)=———.
1+ cosx
sin x
> /dx—>
14 cos x
» U=-cosx,du= —sinxdx —
du __ _
» — [ 35 =—In[1+ul=—In[1+cosx| —

sin x
> /dx:—|n|1 +cosx|+ C
1 4 cos x



Dolo€i [ f(x) dx, Ce je

f(x) = e”* cos(2x).
» Dvakrat uporabimo (II).
» [e¥cos(2x)dx —
» u=e X, dv=cos(2x)dx, du=-e¥dx,v=}sin(2x)
» [ e Xcos(2x)dx = e *sin(2x) + } [ e X sin(2x) dx
» 1 [ e Xsin(2x)dx —
» u=eX dv=sin(2x)dx, du=-e*,v=—}cos(2x)
» 1 [eXsin(2x) dx = —1 (e ¥ cos(2x) + [ e ¥ cos(2x))

v

/ex cos(2x) dx = %e*X (2sin(2x) — cos(2x)) + C



Dolo€i [ f(x) dx, Ce je

f(x) = x?Inx.
» Uporabimo (II).

> /lenxdx—>

» u=Inx,dv=x2dx, du=%, v_3—>
» [x2Inxdx = (x®Inx — [ x%dx).

3 3
5 X X
| — S mx-2 4cC
>/x nx dx 5 Inx 9+



|zracunaj doloceni integral.

4
S:/ eV* dx.
0

Uvedemo t = /X — 2 = x — 2t dt = dx.
Kerjex=0—t=0inx=4—t=2,8=2[Zteldt.
Integriramo per partes:

u=t dv=eldt—du=dt v=2el

S=2tel|s —2 [Zeldt = 46® —26% —2=2(e? — 1).

4
/ eV dx = 2(e® — 1).
0

v

v

v

v

v



|zracunaj doloceni integral.

2
S:/ xe** dx.
0
» Uvedemo t = x? — dt = 2xdx — dx = ¢.

» Kerjex=0—t=0inx=2-t=4,S=1]['eldt

> 31/4efdt1( 4 1)
"2 T2 '



|zracunaj doloceni integral.

7T2
sz/ sin v/ dx.
0

» Uvedemo t = /X, — 12 = x, — 2tdt = dx.

» Kerjex=0—=1t=0inx=n° = t=m, velja
S=2 [, tsintdt.

» Integriramo per partes:
u=t, dv=sintdt,— du=dt, v=-—cost.

» S= —2tcost|g+2 [;costdt =
8:2/ tsintdt = 2m.
0



|zracunaj doloceni integral.

T dx
sz/ .
o COS2 X

> Uvedemotftgx
> dt = coszx Nove meje x =0 —=t=0,x=7 = t=1.

1
> / dt = tly = 1.
0




|zracunaj doloceni integral.

9 dx
4 VX1
» Uvedemo
x=Fr s>dx=2tdt, x=4—-1t=2, x=9—t=3.
20t — it 13 =2+1n4.

°  dx
> =2+ In4.
A Jx-1 "




|zracunaj doloceni integral.

/2 dx
_19—X2-
- - 111 1
» Razcepimo na parcialne ulomke: 5— = g (m + m)
2 dx _ (2 1( 1 1 1 2 2
» S5 9% = 5 8 (et e = - g%

2 dx In10
,19—X2_ 6

>



Dolokazi, da je [,° x"e *dx = n!.

» Uporabimo (Ill)
Su=x"dv=eX, du=nx""1v=—e>X
» Pisimo M(n) = [;* x"e *dx.
> [0 x"e Xdx = — x"e X|" + n [;° x"Te ¥dx
» Uporabimo I'Héspitalovo pravilo pri racunanju limite
liMy 00 X"€7 = liMy_00 % =0,
» in dobimo zvezo M(n) = nl(n—1).
» KerjeN(0) = [("e ¥ = —e ¥y =1,
» lahko z matematicno indukcijo pokazemo, da je M(n) = n!



|zracunaj (posploseni) doloceni integral.

/Oodx
1ox2
/”dx 1
S - =
1 X X

/Oodx
> 72:1
0o X




|zracunaj (posploseni) doloceni integral.

4 dx
/o 4—x
» Uvedemo t? = 4 — x — 2tdt = —dx.
» Melex=0—-1t=2, x=4—-1t=0.
O tdt

» 2] —=-2t3=4
o |

4
>/ ax 4
0 4 — x




|zracunaj (posploseni) doloceni integral.



|zracunaj (posploseni) doloceni integral.

/ e~ VXdx.
0
Uvedemo 2 = x — 2t dt = dx.

Mejex=0—1t=0, x—o00o—t— oc.
JoleV¥dx =2 [ te ! at

Integriramo per partes:
du=eldx,v=t—>u=—e! dv=adt

2 [t tdt= —2te”!| " +2 [ e tat
Ker je limio te™' =0, je 2 [;° te~'dt = 2.

/ e V¥dx = 2.
0

v

v

v

v

v

v

v



|zracunaj (posploseni) doloceni integral.

% g=VXdx
o VX
» Uvedemo 2 = x — 2t dt = dx.
» Mejex=0—-1t=0, x—>o00—1t— 0.
00 A—V/X 0
edx_z/ e ldt= —2¢7IF =2,
0 VX 0
/Ooeﬁdx
> :2
o VX




|zracunaj (posploseni) doloceni integral.

1
1
/0 \/}In;dx.
> Jo VXInLdx =~ [ VxInxdx

» Integriramo per partes.
u=Inx,dv=yxdx - du=%v=2Vx3

X
»/\/}lnxdx:\/x?mx _/ VX dx
0 3 0 3 0

4

]
> /0 \/an%dx:§
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